On Azema-Yor processes, their optimal 
properties and the Bacheher-Drawdown equation* 



Laurent Carraro 
Telecom Saint-Etienne, Universite Jean Monnet 
42023 Saint-Etienne Cedex 2, France 

Nicole El Karoui^ 
LPMA, UMR 7599, Universite Paris VI 
BC 188, 4 Place Jussieu, 75252 Paris Cedex 05, France 

Jan Obloj^ 
Mathematical Institute and 
Oxford-Man Institute of Quantitative Finance, 
University of Oxford, Oxford 0X1 3LB, UK 

First version: Nov 2006 
This version: August 2009 



Abstract 

We study the class of Azema-Yor processes defined from a general semi- 
martingale with a continuous running supremum process. We show that they arise 
as unique strong solutions of the Bachelier stochastic differential equation which 
we prove is equivalent to the Drawdown equation. Solutions of the latter have the 
drawdown property: they always stay above a given function of their past supre- 
mum. We then show that any process which satisfies the drawdown property is 
in fact an Azema-Yor process. The proofs exploit group structure of the set of 
Azema-Yor processes, indexed by functions, which we introduce. 

Secondly we study in detail Azema-Yor martingales defined from a non-negative 
local martingale converging to zero at infinity. We establish relations between 
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Average Value at Risk, Drawdown function, Hardy-Littlewood transform and its 
generalised inverse. In particular, we construct Azema-Yor martingales with a 
given terminal law and this allows us to rediscover the Azema-Yor solution to the 
Skorokhod embedding problem. Finally, we characterise Azema-Yor martingales 
showing they are optimal relative to the concave ordering of terminal variables 
among martingales whose maximum dominates stochastically a given benchmark. 

In 121 Azema and Yor introduced a family of simple local martingales, associated 
with Brownian motion or more generally with a continuous martingale, which they ex- 
ploited to solve the Skorokhod embedding problem. These processes, called Azema- 
Yor processes, are simply functions of the underlying process X and its running max- 
imum Xt = sup^<f Xg. They proved to be very useful especially in describing laws 
of the maximum or of the last passage times of a martingale and were applied in prob- 
lems ranging from Skorokhod embeddings, through optimal inequalities, to Brownian 
penalisations (cf. Azema and Yor IT], Oblqj and Yor 1261 . Roynette, Vallois and Yor 
l28l ). The appearance of Azema-Yor martingales in all these problems was partially 
explained with a characterisation in Oblqj ||25l as the only local martingales which can 
be written as a function of the couple {X, Xt ) . 

Recently these processes have seen a revived interest with applications in math- 
ematical finance including re-interpration of classical pricing formulae (see Madan, 
Roynette and Yor l22l ') and portfoho optimisation under pathwise constraints (see El 
Karoui and Meziou Il9l ll0l ). In this paper we uncover a more general structure of these 
processes and present new characterisations. We explore in depth their properties and 
present some further apphcations of Azema-Yor processes. We work in a general setup 
and extend the concept of Azema-Yor processes {X), as defined in (|2]i below, to 
the context of an arbitrary semimartingale (Xt) with a continuous running supremum 
process Xt- 

We start by studying the (sub)set of Azema-Yor processes M^{X), indexed by 
increasing absolutely continuous functions U, and show that it has a simple group 
structure. This allows to see any semimartingale with continuous running supremum 
as an Azema-Yor process. The main contribution of the Section |2] is to study how 
such representation arise naturally. We show that Azema-Yor processes allow to solve 
explicitly the Bachelier equation, which we also identify with the Drawdown equation. 
The solutions to the latter satisfy the Drawdown constraint Yt > w{Yt)- Conversely, if 
(Yt) satisfies Drawdown constraint up to time C, then it can be written as M^^^{X) for 
some non-negative X. Further, if Y^ = ) a.s., then the inverse process (XtAc) 
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is stopped upon hitting or b. We provide explicit relation between function U which 
generates Azema-Yor process and functions w and ip which feature in the Drawdown 
constraint and in the SDEs. This characterises the processes both in a pathwise manner 
and differential manner. 

Then in Section [3] we specialise further and investigate Azema-Yor processes de- 
fined from X = N a non-negative local martingale with continuous supremum process 
and with Nt ^ as t ^ oo. We show how one can identify explicitly Azema-Yor 
processes from their terminal values. In Section [33] we discuss the Average Value at 
Risk and the Hardy-Littlewood transform in a unified manner using tail quantiles of 
probability measures. Then we construct Azema-Yor martingales with a prescribed 
terminal law. This allows us to re-discover, in Section|331 the Azema-Yor (21 solution 
to the Skorokhod embedding problem and give it a new interpretation. 

Finally, in the last section, we apply the previous results to uncover optimal proper- 
ties of Azema-Yor martingales. More precisely, we show that all uniformly integrable 
martingales whose maximum dominates stochastically a given floor distribution are 
dominated by an Azema-Yor martingale in the concave ordering of terminal values. 
This problem is an extension of the more intuitive problem, motivated by finance, to 
find an optimal martingale for the concave order dominating (pathwise) a given floor 
process. It is rather surprising to find that the two problems have the same solution. We 
recover in this way the A operator of Kertz and Rosier 1201 and give a direct way to 
compute it. These dual results are compared with the classical primal result stating that 
among all uniformly integrable martingales with a fixed terminal law the Azema-Yor 
martingale has the largest maximum (relative to the stochastic order). Furthermore, in 
both problems we can show that any optimal martingale is necessarily an appropriate 
Azema-Yor martingale. 

1 The set of Azema-Yor processes 

Throughout, all processes are defined on {fl^T, (jFt),P) a filtered probability space 
satisfying the usual hypothesis and assumed to be taken right-continuous with left lim- 
its (cadldg), up to oo included if needed. All functions are assumed to be Borel mea- 
surable. Given a process (Xt) we denote its running supremum Xt = sup^^^Xg- 
In what follows, we are essentially concerned with semimartingales with continuous 
running supremum, that we call max-continuous semimartingales. Observe that un- 
der this assumption, the process Xt = sup^<( Xg only increases when Xt = Xt or 
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equivalently 

/ (Xt-Xt)dXt = 0. (1) 

JQ 

We let t''{X) = Ty = inf{i > : > 6} be the first up-crossing time of the 
level b by process X, with the standard convention that inf{0} = oo. Note that by 
max-continuity X^b(^x) = 6, if < t^{X) < oo. With a slight abuse of notation, 
denotes the explosion time of X. 



1.1 Definition and Properties 

There are two different ways to introduce Azema-Yor processes, and their equivalence 
has been proven by several authors (see the comments below). 

Definition 1.1. Let (Xf) be a max-continuous semimartingale starting from Xq = a, 
and Xt its (continuous) running supremum. 

With any locally bounded Borel function u we associate the primitive function U{x) = 
a* + u{s)ds defined on [a, +oo). The Azema-Yor process associated with U and X 
is defined by one of these two equations, 

M^{X) := U{Xt)-u{Xt)(Xt~Xt) (2) 
or = a* + u(X,)dXs. (3) 

JQ 

In consequence, {X) is a semimartingale and it is a local martingale when X is a 
local martingale. 

Observe that the process {X) is cadlag, since U{X) is continuous dindu{Xt){Xt — 
Xt) is nonzero only on the intervals of constancy of Xt, where the non regular process 
u{Xt) is constant. Moreover the jumps of {X) are given explicitly by --u{Xt){Xt — 
Xt-) and My_(X) = M^{Xt-). 

We note also that when u is defined only on some interval [a, b) but U{b) < oo is well 
defined then we can still define {X) foxt < t''{X) and Af^5(x)(X) = U{b) < oo. 
Further, using regularity of paths of (Xt) we have that (|2|i-(|3]l hold with t A t''{X) in- 
stead of t and u{b) := 0. 

The symbol M^{X) is a slight abuse of notation since this process depends ex- 
plicitly on the derivative u rather than the function U. Azema and Yor JJ) were the 
first to introduce these processes when (Xt) is a continuous local martingale. The 
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equivalence between Q and (O is easy to establish when u is smooth enough to ap- 
ply Ito's formula, since the continuity of the running supremum implies from ([T]i that 
y^{Xt - Xt)du(Xt) = 0. This results may be extended to all bounded functions u via 
monotone class theorem and to all locally bounded functions u via a localisation argu- 
ment. Alternatively, the equivalence can be argued using the general balayage formula, 
see Nikeghbali and Yor 1231 . The case of locally integrable function u can be attained 
for continuous local martingale X, as shown in Obloj and Yor ll26ll . 

The importance of the family of Azema-Yor martingales is well exhibited by Obloj 
ll25l who proves that in the case of a continuous local martingale (Xt) all local martin- 
gales which are functions of the couple {Xt, Xt), Mt = H{Xt, Xt) can be represented 
as a M = {X) local martingale associated with a locally integrable function u. We 
note that such processes are sometimes called max-martingales. 

1.2 Monotonic transformations and Azema-Yor processes 

We want to investigate further the structure of the set of Azema-Yor processes as- 
sociated with a max-continuous semimartingale (Xt). One of the most remarkable 
properties of these processes is that their running supremum can be easily computed, 
when the function U is non decreasing (u > 0). 

We denote by Uai the set of such functions, that is absolutely continuous functions 
defined on an appropriate interval with a locally bounded and non negative derivative. 
This set is stable by composition, that is if U and F are in Uni, and defined on appro- 
priate intervals then U o F{x) = U {F{x)) is in U„^. We let be the set of increasing 
functions U G U„j, with inverse function V E U„^, or equivalently of functions U such 
that u = U' > and both u and 1/u are locally bounded. Throughout, when we con- 
sider an inverse function V of U E then we choose v{y) = V'{y) = l/u{V{y)). 
In light of (|2]i, then we have 

Proposition 1.2. a) Let U E U„i, X be a max-continuous semimartingale and {X) 
be the (UX)-Azema— Yor process in (|2]l. Then 

MY(X) = U(Xt), (4) 

and AI^ (X) is a max-continuous semimartingale. 

b) Let F E defined on an appropriate interval, so that U o F is well defined. Then 

M^{M^{X)) = M^°^{X). 



5 



Remark 1.3. It follows from point b) above that the set of Azema-Yor processes in- 
dexed hy U G U^^ defined on whole E with U{M.) = K, is a group under the operation 
(g) defined by 

® := M^°^. 

Proof, a) In light of when u is non negative, the Azema-Yor process {X) is 
dominated by U{Xt), with equality if t is a point of increase of Xt- Since U is non 
decreasing we obtain (|4]i. Moreover, since U{X) is a continuous process, M^{X) is a 
max-continuous semimartingale and we may take an Azema-Yor process of it. 
b) Let F be in U^, / = F' > 0, such that f7 o F is well defined. We have from © 

(M^(X)) = U{F(Xt)) - u{F(Xt))f(Xt){Xt - Xt) 

where we used (C/(F(x)))' = u{F{x))f{x). □ 

The two properties described in Proposition 11.21 are rather simple but at the same 
time extremely useful. As we will see, they will be crucial tools in most of the proofs 
in the paper We phrase part b) above for stopped processes and for F = V = U^^ as 
a separate corollary. 

Corollary 1.4. Let a < b < oo, U U^^ a primitive function of a locally bounded 
u : [a, b) —!■ (0, oo) such that U (a) — a*. Let V : [a* ,U (&)) —i- [a, b) be the inverse of 
U with locally bounded derivative v{y) = l/u{V{y)). 

Then for any max-continuous semimartingale {Xt), Xq = a, stopped at the time = 
t''{X) = M{t ■.Xt>b} we have 

X,^,. = Af,^,.(M^(X)). (6) 

From the differential point of view, on [0, t''), 

dYt := dMf (X) = u{Xt)dXt, dXt = v{Yt)dYt. (7) 

Consider u as above with b = U{b) = oo. As a consequence of the above, any max- 
continuous semimartingale (Xt ) can be seen as an Azema-Yor process associated with 
U. Indeed, Xt = M^{Y) with Yt = {X). In the following section we study how 
such representations arise in a natural way. 
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2 The Bachelier-Drawdown equation 



In his paper "Theorie des probabilites continues", published in 1906, French mathe- 
matician Louis Bachelier fS) was the first to consider and study stochastic differential 
equations. Obviously, he didn't prove in his paper existence and uniqueness results but 
focused his attention on some particular types of SDE's. In this way, he obtained the 
general structure of processes with independent increments and continuous paths, the 
definition of diffusions (in particular, he solved the Langevin equation), and general- 
ized these concepts to higher dimensions. 

2.1 The Bachelier equation 

In particular, Bachelier [3] pp. 287-290] considered and "solved" an SDE depending 
on the supremum of the solution, dYt = (p{Yt)dXt which we call the Bachelier equa- 
tion. Let U G ^iid ^ ^ its inverse function with derivative v. From (O and 
(|4| we see that the Azema-Yor process Y = M^{X) verifies the Bachelier equation 
for (p{y) = l/v{y). Now, we can solve the Bachelier equation as an inverse problem. 
We present a rigorous and explicit solution to this equation which proves to be sur- 
prisingly simple. We note that a similar approach is developed in Revuz and Yor 1271 
Ex.VI.4.21]. 

Theorem 2.1. Let [Xf '■ t > 0), Xq = a, be a max-continuous semimartingale. 
Consider a positive Borel function ip : [a*,cx)) — > (0,oo) such that ip and l/p are 
locally bounded. Let V{y) ~ a + J^, ^^fy. ^^nc/ U its inverse defined on {a, V{oo)). 
The Bachelier equation 

dYt = ^{Yt)dXt, Yo = a* (8) 

has a strong, pathwise unique, max-continuous solution defined up to its explosion time 

^ r^(°°) given by Yt = M^{X), t < t^'^°^\ 
When X is a continuous local martingale it suffices to assume that 1/ip is a locally 
integrable function. 

Proof. The assumptions on (f imply that V and therefore U are in ^+ with U{a) = a* . 
With the version of u ~ fiV) we choose. Definition U . 1 1 gives that the Azema-Yor 
process AI^ (X) verifies 

dMf (X) := u(Xt)dXt = ip(MflX))dXt, t < t^'-^I 
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Furthermore, on t^<-^\X) < oo, Mfv-(„) (X) = U{V{n)) = n and we see that if 
V{oo) < oo then t^^°°^ is the explosion time of M^{X). So, Af^ is a solution of (O. 
Now let y be a max-continuous solution to the equation (|8]l. Definition ll.ll and ^ im- 
ply that dM^{Y) = dXt on [0, r^). It follows from CorollaryOthat Yt = Mj/{X) 
and r^'°°'' is the explosion time of F. 

The above extends to more general ip whenever U, V and (X) are well defined. 
When X is a continuous local martingale, to define V and U it is sufficient (and nec- 
essary) to assume 1/ip is locally integrable. That M^{X) is then well defined follows 
from Obloj and Yor ||26l . □ 

The above extends naturally to the case when a and a* are some JFo-measurable 
random variables. It suffices to assume that ip is well defined on [I, oo) where — oo < / 
is the lower bound of the support of a*. We could also consider X which is only de- 
fined up to its explosion time which would induce ry? = A t^^°°\ 
In Section |3] we will also consider the case when = on (r, oo) and then (Yt) is 
stopped upon hitting r. 

Finally note that under a stronger assumption that X has no positive jumps, any so- 
lution of the Bachelier equation has no positive jumps and hence is a max-continuous 
semimartingale. 

2.2 Drawdown constraint and Drawdown equation 

In various applications, in particular in financial mathematics one is interested in pro- 
cesses which remain above a (given) function w of their running maximum. The pur- 
pose of this section is to show that Azema-Yor processes provide a direct answer to 
this problem when the underlying process X is positive. The following notion will be 
central throughout the rest of the paper 

Definition 2.2. Given a function w, we say that a cadlhg process (Mt) satisfies w- 
dveLV/dov/n('w-DD) constraint up to the (stopping) time C if min{Mt^, Mt} > w{Mt) 
for alio < t < C, a.s. 

We will see in Section [3] that for a local martingale M it suffices to impose Alt > 
w{Mt) in the above definition. 

Azema-Yor processes, Y = M^{X) defined from a positive max-continuous 
semimartingale X and function U E ^+ provide an example of such processes with 
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DD-constraint function w defined from U and V = by: 

w{y) = h{V{y)) — y ~ V{y)/v{y), where h{x) — U {x) — xu{x) . (9) 

Indeed, thanks to the positivity of X and u, and to the characterisation of the left- 
continuous process Yt- in D have: 



Yt- = U{Xt) - u{Xt)Xt + u{Xt)Xt- > U{Xt) - u{Xt)Xt = h{Xt) = iu{Yt) . 



The converse is possibly more interesting. We show below that if we start with a given 
w then M^{X), where U = V^^ and V is given in ( fTTl i. satisfies the w-DD constraint. 
Furthermore, it turns out that all processes which satisfy a drawdown constraint are 
of this type. More precisely, given a max continuous semimartingale Y satisfying 
the w-DD constraint we can find explicitly X such that Y is the Azema-Yor process 
M^{X). Moreover, the first instant Y violates the drawdown constraint is precisely 
the first hitting time to zero of X. For a precise statement we need to introduce the set 
of admissible functions w: 

Definition 2.3. We say that w : [a* ,00] ^ M. is a drawdown function ;/ it is non- 
decreasing and there exists < 00 such that y — w{y) > is locally bounded and 
locally bounded away from zero on [a*,r„,) andw{y) = yfory > r^. 

We impose w non-decreasing as it is intuitive for applications. It will also arise 
naturally in Section[3] We introduced here as it gives a convenient way to stop the 
process upon hitting a given level and again it will be used in Section[3] If a drawdown 
function w is defined on [a*, 00) then we put w(oo) = limyjoo w{y) and the above 
definition requires that w{oo) =00. In fact for the results in this section it is not 
necessary to require any monotonicity from w or that w{oo) ~ 00, we comment this 
below. 

We let To{X) = = inf{t : imn{Xt-, Xt} < 0} and note that when X is non- 
negative then X^x > 0. Further let (miY) = = inf{t : min{Yt^,Yt} < w(Yt)}. 
As mentioned before, definitions of both tq and simplify for local martingales, see 
Lemma lsTl and Corollarv l3.2l in Section[3] 

Tlieorem 2.4. Consider a drawdown function w of Definition \2.3\ and V solution of 
the ODE ©, V{a*) = a > 0, given as 



(10) 




(11) 
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For {Xt), = a, a non-negative max-continuous semimartingale and C, ToiX) A 
^V(r„-)^j^-j f/ie Drawdown equation 

dYt = {Yt_-w{Yt))^, t<C, (12) 

has a pathwise unique max-continuous solution, Yq = a*, which satisfies w-DD con- 
straint on [0, C), given by Yt = M^{X), where U is the inverse ofV. We have 
Cw (Y) = C and further Y^^ = "'(^C ) ^" {^C ^ {0' ^i^w-)}}- 
Conversely, given (Yt), Yq ~ a*, a max-continuous semimartingale satisfying w-DD 
constraint up to ^ := CwiY), there exists a pathwise unique max-continuous semi- 
martingale {Xt : t < Q, Xq = a, which solves ( 112b . X may be deduced from Y by the 
Azema-Yor bijection Xt = (Y) and ( = tq{X) A t^(''™-)(X). 

Remark 2.5. Naturally V{y) = oo for y > r.u,- However V{ru,~) could be both finite 
or infinite and consequently r^(''"'~)(X) can be both a hitting time of a finite level or 
the explosion time for X. 

Observe that {X^ S {0, V{ru, — )}} could be larger than {C, < oo}. This will be the 
case in Section [3] where Xt as t oo and in fact X^ e {0,y(ru,— )} a.s. 
Naturally, we also have Yf^Y_ ~ w{Y(-y ) on {X^^ G {0, V{r^ — )}}. Note also that in 
the converse part of the theorem we could have Yq < w{Yq) which would correspond 
to Xq < 0. 

Remark 2.6. It will be clear from the proof that the theorem holds without assuming 
any monotonicity on w or that w{oo) is defined and equal to oo. The only change is that 

Yqy = w{Yqy) on {Xq = V{ru, — )} if and only if w(r^) = r.u, and if V{oo) < oo, 
for which w would have to decrease faster than linear, then Y explodes at t^^°°\ 

Proof. Expression for V in terms of w follows as v{y) = V{y)/{y — w{y)). Note that 
y (oo) = oo. Hence, for t < <^,Yt = {X) is well defined and recall from Corollary 
[rUthat Xt = M^{Y) andXt = V{Yt). Direct computation yields 

Yt- - w(Yt) = Yt- - U(Xt) + u(Xt)Xt - u(Xt)Xt- . 

Thanks to the positivity of u and X and X- on t < C,, we have that Yt-, Yt > w{Yt) 
and it follows from © that Y = [X) solves ( fT2] i. 

Now consider any Y , a max-continuous solution of (fT2] |. min{yt_, Yt} > w{Yt) for 
t < (. Then, using ^ and we have 

dYt_ ^ v(Yt) ^ dAiriY) 
Yt_~w{Yt_) MliY) * MliY) ■ 
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Since Y is solution of (IT2b . X and (Y) have the same relative stochastic differ- 
ential, and the same initial condition. Then, there are undistinguable processes and 
Corollary [TUvields Yt = M^{X). 

Finally, when = (resp. = y(r^-)) we have Y(^ = U(X^) - u(X^)X^ = 
wiV(Xc)) - w{Y^) (resp. Y^ - r,„ = ^ = "'(^c)) and C - Cw{Y). If X^ ^ 
{0, V{r^-)} then X^;- = or C = oo and in both cases ( = Cw{Y). that ( = Cu.(i^)- 
Consider now the second part of the theorem. We can rewrite (fTSl i as 

dYt dXt 



Yt_ - w{Yt) Xt_ 



t < C. (13) 



This equation defines without ambiguity a positive process X starting from Xq = a > 
0. By assumption on w, the solution y of (|9]l is a positive finite increasing function on 
[a*,riu), V{y)/v{y) = y - w(y). Put Xt = MY [Y), and observe that the differential 
properties of V imply that Xt = viY t){Yt - wiY t)) > 0, for t < C,. Then, the 
stochastic differential of MY {Y) = Xt is 

dXt = viYt)dYt = Xt-{Yt- - w(Yt))-^dYt, 

and hence both X and X are solutions of the same stochastic differential equation and 
have the same initial conditions. So, they are undistinguishable processes. Identifica- 
tion of ( follows as previously. □ 

Naturally, since Y = M'^ {X) solves both the Bachelier equation ([8]) and the Draw- 
down equation (12\ these equations are equivalent. We phrase this as a corollary in the 
case C = oo a.s. in ( fT2] i. 

Corollary 2.7. Let (Xt : t > 0), Xq = a, be a positive max- continuous semimartin- 
gale, = oo a.s., and (p, V as in Theorem \2.1\ with ^ (oo) ~ oo. Then, the Bachelier 
equation dH) is equivalent to the Drawdown equation (I121 l where w and V are linked 
via ^ or equivalently via (II II) . 

The Drawdown equation (fTSl i was solved previously by Cvitanic and Karatzas fT] 
for = jy, 7 G (0, 1) and recently by Elie and Touzi ifTTI . The use of Azema-Yor 
processes simplifies considerably the proof and allows for a general w and X. We have 
shown that this equation has a unique strong solution and is equivalent to the Bachelier 
equation. 

Note that we assumed X is positive. The quantity dXt/Xt- has a natural inter- 
pretation as the differential of the stochastic logarithm of X. In various applications. 
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such as financial mathematics, this logarithm process is often given directly since X is 
defined as a stochastic exponential in the first place. 

An Illustrative Example. Let X be a positive max-continuous semimartingale such 
that = 1. Let U be the power utility function defined on M"*" by U{x) = x^~'^ 
with < 7 < 1 and u{x) = its derivative. The inverse function V of J7 is 

V{y) = ((1 - 7)?/)^/(^"'') and its derivative is v{y) = ((1 - i)yV/^'^^'^\ 
Then the (power) Azema-Yor process is 



mY{x) = = (7 + (1 - 7)^) = (7 + (1 - 7)|^) . 



Since X is positive, Yt > wiYt) = ■jYt. The drawdown function w is the linear one, 

w{y) = ly- 

The process (It) is a semimartingale (local martingale if X is a local martingale) start- 
ing from Yq = 1, and staying in the interval [jYt, Yt]- Since the power function U 
is concave, we also have an other floor process Zt = U(Xt). Both processes Zt and 
jYt = ^Zt are dominated by Yt- They are not comparable in the sense that in general 
at time t either of them can be greater. We study floor process Z in more detail in 
Section|42] 

The Bacheher-Drawdown equation (l8Tl-(fT2]i becomes here 

m = Xr^Xt = ((1 - 7)^0'^ 

dXt (14) 



Xt- 



As noted above, this equation, for a class of processes X, was studied in Cvitanic 
and Karatzas Q. Furthermore, in 121 authors in fact introduced processes {X) 
where U is the a power utility function, and used them to solve the portfolio optimi- 
sation problem with drawdown constraint of Grossman and Zhou ITSl (see also ifTTl ). 
Using our methods we can simplify and generalize their results and show that the port- 
folio optimisation problem with drawdown constraint, for a general utility function and 
a general drawdown function, is equivalent to an unconstrained portfolio optimisation 
problem with a modified utility function. We develop these ideas in a separate paper. 



12 



3 Setup driven by a non-negative local martingale con- 
verging to zero 



In previous section we investigated Azema-Yor processes build from a non-negative 
semimartingale as solutions to the Drawdown equation (fTSl i. We specialise now fur- 
ther and study in detail Azema-Yor processes associated to X = N a non-negative 
local martingale converging to zero at infinity. The maximum of N has a universal 
law which, together with No^ = 0, allows to write Azema-Yor martingales explic- 
itly from terminal values, see Sections I3.1H3.2I Our study exploits tail quantiles of 
probability measures and is intimately linked with the Average Value at Risk and the 
Hardy-Littlewood transform of a measure, as explored in Section 13.31 Finally, com- 
bining these results with Theorem l2.4l we construct Azema-Yor martingales with pre- 
scribed terminal distributions and in particular obtain the Azema-Yor ||2l solution of 
the Skorokhod embedding problem. 

3.1 Universal properties of X = 

A non-negative local martingale (Nt) is a supermartingale and it is a (true) martingale 
if and only ifENt = E A^o, t > 0. We also have that if Nt or Nt- touch zero then Nt 
remains in zero (see e.g. Dellacherie and Meyer 18] Thm VI. 17]). 

Lemma 3.1. Consider a non-negative local martingale (Nt) with Nq- :— Nq > 0. 
Then 

To(iV) = M{t :Nt = Oor Nt- = 0} = inf{t : iV* = 0} (15) 
andN^ = 0,u> to{N). 

This yields an immediate simplification of the w-DD condition. In fact in Definition 
I2.2l and definition of Cw{Y) on page|9]it suffices to compare w{Yt) with Yt instead of 

Yt and Yt-. 

Corollary 3.2. Let w be a drawdown function of Definition \2.2\ and (Yt) a max- 
continuous local martingale with = w(Y(^) a.s. on {C < oo}, where C = inf{i : 
Yt < w{Yt)}. Then Y satisfies w-DD condition up to time C,w(X) — C 

Proof. Assume Tu, = oo and let Nt = MY {Y) where V is given via (fTTT i. Using 
(l9]l-(fT0li. similarly as in the proof of Theorem l2.4l and Definition ll.il [Nt : t < Q is 
a non-negative max-continuous local martingale and C — inf {t : Nt — 0}. Using ( fTsT i 
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we have C = to{N) and our assumptions also give 7V^ = on < oo}. It follows 
from Theorem 12 .41 that Yt = {X)t, U = V^"^ satisfies the w-DD constraint up to 
C and C = tq{N) = (^{Y). For the case < oo it suffices to note that all processes 
are max-continuous and hence the first hitting times for Nt and Nt- are equal. □ 

Throughout this and following sections, we assume that 

{Nt : t > 0) is a non-negative max-continuous local martingale, Nt > a.s. 

t — >oo 

(16) 

We recall some well known results on the distribution of the maximum of N (see 
Exercice III. 3. 12 in Revuz-Yor 1271 ). We assume that A'o is a constant. If No is random 
all results should be read conditionally on Tq. 

Proposition 3.3. Consider (Nt) in (fTSI l with Nq > a constant. 

a) The random variable Nq/ Noc is uniformly distributed on [0, 1]. 

b) The same result holds for the conditional distribution in the following sense: let 
Nt,oo = suPt<„<cx) then 

¥{K >Nt,oo\:Ft) = {I - Nt/K)+ 

i.e. iVi oo has the same J- 1- conditional distribution as Nt/S, where ^ is an independent 
uniform variable on [0,1 ]. 

c) Let C = To{N) A t''{N) = M{t : Nt i (0,5)}, b > Nq. (TVi^c) a bounded 
martingale and Nq G {0, 6}. Furthermore, N q ~ N^o A b is distributed as (Nq /^) A b, 
where ^ is uniformly distributed on [0, 1]. 

Remark, a) Given the event {A^^ < b} = {Nq = 0}, Nq/Nq is uniformly distributed 
on {No/b, 1]. The probability of the event {IV^; = b} is No/b. 

b) Any non-negative martingale TV stopped at C, with Nq G {0, b} a.s., may be ex- 
tended into a local martingale (still denoted by TV) as in ( fT6l ). by putting Nt := 
Nq + lg^^^f^y{Nl. — N'^.), t > where N' is another local martingale as in (fT6] l. 

Proof, a) Let us consider the Azema-Yor martingale associated with (Nt) and the 
function U (x) ~ {K — a;)+, where is a fixed real > 1. Thanks to the positivity of 
{Nt), the martingale {N) is bounded by K, 

< Aff (TV) = {K - Nt)+ + l{K>lva(^t - Nt) = l{K>lv.}(A' " ^t) < K. 

So Ml'iN) is a uniformly integrable martingale, and E M^{N) = M^{N). In other 
terms, for A' > Nq, K¥{K > TVoo) = A'-TVq, or equivalently P < ^) = 
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for any K > Nq. That is exactly the desired result. 

b) This result is the conditional version of the previous one. The reference process is 
now the process {Nt^h : h > 0) adapted to the filtration Tt+h^ local martingale for 
the conditional probability measure P(.| Tt)- 

c) From ( fTsT i and since N is non-negative and max-continuous it follows that tq{N) A 
T^{N) = inf{< : iV* ^ (0, h)} and that Nc, = b, orO. Then, we have that = N^c A b 
since when Nq = b, the maximum Nq is also equal to 6. □ 

Remark about last passage times. Recently, for a continuous local martingale A^, 
Madan, Roynette and Yor ll22l have interpreted the event {K > Nt.q} in terms of 
the last passage time gxiN) over the level K, as {K > Nt,c,} — {9k{N) < T}. 
Our last Proposition yields immediately their result: the normalized Put pay-off is the 
conditional probability of {^^(iV) < T}: (1 - Nt/K)+ = F{gK{N) < T\Tt). In 
particular we obtain the whole dynamics of the put prices: 



and the initial prices {t = 0) are deduced from the distribution of gK- In the geomet- 
rical Brownian motion framework with N^) = 1, the Black-Scholes formula just com- 
putes the distribution of gi{N) as P(pi < t) = Af{Vt/2) - U{-^/t/2) = P(4Bf < 
t), where Bi is a standard Gaussian random variable and N{x) — P(i?i < x) the 
Gaussian distribution function (See also Madan, Roynette and Yor ll22l ). 

Financial framework. Assume 5 to be a max-continuous non negative submartingale 
whose instantaneous return by time unit is an adapted process At > defined on a 
filtered probability spaced (fi, J^, (jFt),P). For instance, S is the current price of a 
stock under the risk neutral probability in a financial market with short rate At. Put dif- 
ferently, St = exp(— Jq* Asds)S't is an (jFt )-martingale. We assume that X^As = 
oo a.s. Let ( be an additional rv. with conditional tail function P{( > t\!Foa) = 
exp(— J* Asds). Then Xt ~ Stlt<Q is a positive martingale with negative jump to 
zero at time ( with respect to the enlarged filtration Qt = cr(jFt, C ^ t). Since the G- 
martingale X goes to zero at oo, the random variable Xq = Sq is distributed as 1/^, 
where ^ is uniformly distributed on [0, 1]. In particular, for any bounded function h 



In consequence we have access to the law of the properly discounted maximum of the 
positive submartingale S. We stress that this is contrast to the more usual setting when 



E [{K - NT)+\Tt] = KF{gK{N) < T\ Tt), t < T, 
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one only has access to the maximum of the discounted price process, cf. Grossman and 
Zhou ifTSl . We could also derive a conditional version of the equation above represent- 
ing U (St) as a potential of the future supremum St.u- Such representation find natural 
applications in financial mathematics, see Bank and El Karoui I?)- 

3.2 Azema-Yor martingales with given terminal values 

We describe now all local martingales whose terminal values are Borel functions of 
the maximum of some non-negative local martingale. This will be used in subsequent 
sections, in particular to construct Azema-Yor martingales with given terminal distri- 
bution and solve the Skorokhod embedding problem. We start with a simple lemma 
about solutions to a particular ODE. 

Lemma 3.4. Let h be a locally bounded Borel function defined on W^, such that 
h{x)/x'^ is integrable away from zero. Let U be the solution of the ordinary differ- 
ential equation ( ODE) 



Va: > U{x) ~ xU'{x) = h{x), such that lim C/(x)/a; = . (17) 



b) Let hb{x) :~ h{x A b) be constant on {b,oo). The associated solution Ub{x) = 
lo ^ b)ds = Ub{x A b) is constant on (6,oo), and Ub{x) = hb{x) = h(b). 

c) Let h(m, x) = h{x V m) be constant on (0, m). The associated solution U (m, x) is 
affine U{m, x) — U (m) — U' {m){'m — x) for a; G (0, m). 

Remark 3.5. We considered here U on (0, oo) but naturally if h is only defined for 
x > a > then we consider U also only for a; > a > 0. Note that to define Ub 
it suffices to have a locally integrable h defined on (0, b]. We then put h{x) = h{b), 
X > b. 

Proof. Formula (fTSll is easv to obtain using the transformation (U (x) I xY — —h{x)/x'^ 
and the asymptotic condition in (fTTT i. Both b) and c) follow simply from general solu- 
tion ([T8]l. □ 

This analytical lemma allow us to characterize Azema-Yor martingales from their 
terminal values. This extends in more details the ideas presented in El Karoui and 
Meziou ifTOl Propositon 5.8]. 



a) The solution U is given by 
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Proposition 3.6. Consider (Nt) in ( fTSI l with Nq > a constant. 

a) Let h be a Borel function such that h{x)/x'^ is integrable away from 0, and U the 
solution of the ODE ([TtI i given via ( flSl l. Then h{N oo) is an integrable random vari- 
able and the closed martingale E {h{N \ ), i > 0, is the Azema-Yor martingale 
M^{N). 

b) For a function U with locally bounded derivative U' and with U{x)/x — > fli 
X — > oo, the Azema-Yor local martingale (N) is a uniformly integrable martin- 
gale if and only if h{x)/x^ is integrable away from zero, where h is now defined via 

m. 

Proof. We start with the proof of a). We have 

E|/i(7Voo)| = / |/i(iVoAs)|ds = iVo / \h{s)\/s^ds <oo, 

Jo J No 

since we assumed that h{x)/x'^ is integrable away from 0. To study the martingale 
iJt = E {h(Noc)\J^t), we use that Noo ^ Nt V lVt,oo- From Proposition [331 the 
running supremum Nt^oo is distributed as Nt/£,, for an independent r.v. ^ uniform on 
[0, 1]. The martingale Ht is given by the following closed formula Ht ~ E {h[Nt V 

Ht= f h(Nt V {Nt/s))ds = U{Nt,Nt) = U(Nt) - U'(Nt)(Nt - Nt), 
Jo 

where in the last equalities, we have used Lemma [34l 

To prove part b) it suffices to observe that {N) ^ M^_{N) = M^{N) = 
h{N oo) a.s. and hence integrability of h{Noo), i-e. integrability of h{x)/x'^ away from 
zero, is necessary for uniform integrability of (N). That it is sufficient we proved 
in part a). □ 

Remark 3.7. It is not necessary to assume that Nq is a constant in Proposition 13.61 
However if iVo is random we have to further assume thatE /p \h{No/s)\ds = J^E\h{xNo)\ 
oo. This holds for example if A^o is integrable and A^o > e > a.s. We can apply the 
same reasoning to the process {Nt+u : u > 0) to see that if E \h{Nt/s)\ds < oo 

thenUiNt) =E{h(Nt,oo)\^t)■ 
Fmally, we note that similar consideration as in a) above were independently made in 
Nikeghbali and Yor ll23l . 

We stress that the boundary condition U (x) /x ^ as a; ^ oo for (fTTI l is essential 
in part a). Indeed, consider Nt = l/Zt the inverse of a three dimensional Bessel 
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process. Note that Nt satisfies our hypothesis and it is well known that Nt is a strict 
local martingale (cf. Exercise V.2.13 in Revuz and Yor IZTl ). Then for U{x) ~ x we 
have Mj^ (N) ~ Nt is also a strict local martingale but obviously we have U{x) — 
U'{x)x = 0. 

Observe that P{N(; e {0, 5}) = 1 if C = inf{t > : iVt ^ (0, b)}. Then, if h is 
constant on [b, oo) then h{Nao) = /i(^c) closed martingale E (/i(iV^)| J^t/\C )> 

< > 0, is the Azema-Yor martingale Mt''{N) = M^j^^{N), where Ub the solution of 
the ODE dlTl l given in point b) of Lemma [l!4l 

As shown in Sections[T]and|2l Azema-Yor processes Y = [N] generated by an 
increasing function U have very nice properties based on the characterisation of their 
maximum as F = U{N). In particular, from Theorem 12.41 the process Y satisfies a 
DD-constraint and can also be characterized from its terminal value. Recall Definitions 
12.2112. 3| and the stopping time C,yj {Y) from page|9] 

Proposition 3.8. Let hbe a right-continuous non-decreasing function such that h{x) / x'^ 
is integrable away from and put b = infjx : h{y) = h{x) Vy > x}. 

a) The solution U of the ODE Ml\ is then a strictly increasing concave function on 
(0, b) and constant and equal to h{b) on {b, oo). 

b) Let V be the inverse ofU. Function w{y) = h(V{y)) given for y < U{b) by (|9]l, 
or equivalently illi , and by w{y) ~ y for y > U(b), is a right-continuous drawdown 
function and = U{b) = h{b). 

c) Consider (Nt) in ( 1161 ) with Nq > a constant. The uniformly integrable mar- 
tingale Yt = AI^ (N) = E,[h{Noo)\ ^t] satisfies w-DD constraint. Furthermore, 

= Ytr,c^(Y), Yc^iY) = w{Yc^{Y)) a.s. and = inf{t : Nt i (0, b)}. 
Conversely, let w be a right-continuous drawdown function, with functions V, U, h sat- 
isfying a) and b). Then any uniformly integrable martingale Y, satisfying the w-DD 
constraint and y^^(y) = ''^(^(^{y)) ^..s., is an Azema-Yor martingale [N) for 
some {Nt) as in (II6I 1 with No = V{Yo) > and such that -^tACra(F) = ^t/\C (Y)0^^ 
andCl - inf{i : Nt i (0, V{r^^)}. 

Remark 3.9. Note that h, and in consequence U, need to be defined only for x > Nq. 
Then Viy) is defined for U{No) < y < U{b) with V{U{b)) = 6 < 00 and the 
drawdown function w{y) is defined for y > U{Nq). 

A solution U of the ODE (fTTI i is strictly increasing if and only if U > h. But only 
increasing and concave solutions are easy to characterize. 

Proof, a) When h is non-decreasing, from ([TtT i and ( fTSl l it is clear that U is strictly 
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increasing until that h becomes constant, and constant after that. If h is differen- 
tiable, concavity of U follows since —xUlj'{x) ~ h'{x). The general case follows 
by regularisation or can be checked directly using ( fTSl ) which yields to U'{x) = 



b) In consequence, V is increasing and convex on [U{0), U{b)) and hence by (|9]l w{y) 
is increasing and wly) < y for y £ {U{0), U{b)). We thus have = U (b) but note 
that we could have w{U (b)—) both less then or equal to U{b). Integrability properties 
of w in Definition |2.3| follow since V and U are well defined and we conclude that w is 
a drawdown function. Right-continuity of w follows from right-continuity of h. More 
precisely, from (T% . u = [/' is right continuous and hence also V'{y) = l/u{V{y)) is 
right-continuous and non decreasing. 

c) Identification of Y is given in part a) of Proposition 13.61 The rest follows from 
Lemmaim Theoreml2l1and the fact that e {0, b} a.s. for ( = inf {i : Nt ^ (0, b)} 
upon noting that ^(ru,— ) = 6. □ 

3.3 On relations between AVaR^, Hardy-Littlewood transform and 
tail quantiles 

In this section we present results about probability measures, their tail quantile func- 
tion, the Average Value at Risk and the Hardy-Littlewood transform. The presentation 
is greatly simphfied using tail quantiles of measure. 

The notation and quantities now introduced will be used throughout the rest of the 
paper. For /i a probability measure on M we denote respectively the lower and up- 
per bound of the support of ^. Welet'p[x) = n[[x,oo)) andg^ : (0,1] ^RU{oo}be 
the tail quantile function defined as the left-continuous inverse of /I, g^(A) := infja; G 
M. : 'p{x) < A}. When g^(A) is a point of continuity of 71, then 7t(gp(A)) = A, whereas 
if not, 7l(g^(A)+) < A < Jl{q^{X)). In particular, if //(r^) > 0, = g(0+) is a jump 
of 71 and ^ g(0+) = g(A), if < A < 7l(r^). 

We write X ~ /i to denote that X has distribution /i and recall that g^(^) ^ ji for 
^ uniformly distributed on [0, 1]. 

Assume |s|/x(ds) < 00 and let ~ j'^ sfi{ds). We define Call functioij^ 
and barycentre function tA^i by 



This denomination is used in financial literature while the actuarial literature uses rather the notion of 
stop-loss function, cf. |18| . 



ahis)-hix))/s- 



■^ds = j;^{h{s)-h{x))+/s^ds. 
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where K gM.,x < r^. We put ijjf^ (x) = x for x > rf^. 

Finally, we also introduce the Average Value at Risk at the level AG (0,1), given by 

AVaR^(A) = i^ q^iu)du (20) 

which is strictly decreasing on {ji{r^), 1), equal to r,, = g^(0+) on {Q,Ji{r^)) and 
AVaR^(l) = m^. 

The average value at risk AVaR^ is thus a quantile function of some probability mea- 
sure fjL^^ with support {m^,r^), which can be defined by 

- AVaR^(^), C uniform on [0, 1]. (21) 

This distribution, called the Hardy-Littlewood transform of /i has been intensively 
studied by many authors, from the famous paper of Hardy and Littlewod ifTSl . We 
will describe its prominent role in the study of distributions of maxima of martingales 
in Section m below. Recently Foellmer and Schied 1121 studied properties of AVaR^ 
as a coherent risk measure. Finally note that here is the law of losses (i.e. negative of 
gains) and some authors refer to AVaR^t(A) as AVaR^(l — A). 

As in 1 12. pp 179-182, p 408, Lemma A. 22], it is easy to characterize the Fenchel 
transform of the concave function AAVaR^ (A) as the Call function. From this property, 
we infer a non classical representation of the tail function /J^^ (y) as an infimum. 

Proposition 3.10. Let ^ be a probability measure on K, J \s\fj.(ds) < oo. 

i) The Average Value at Risk AVaRp(A) can be described as, A G (0, 1), 

AVaR^(A) = ic^(q^(A)) + q^(A) = j mf^(C^(K) + AK). (22) 

ii) The Call function is the Fenchel transform o/AAVaR^(A), so that 

C^{K)^ sup (AAVaR^(A)-AA'), A'eM. (23) 

Ae(o,i) 

Hi) The Hardy-Littlewood tail function JI^^ is given for any y G (m^, r^) by 

Jl"^{y)^M-C^{y-z). (24) 

z>0 z 

iv) The barycentre function and its right continuous inverse are related to the Average 
Value at Risk and Hardy-Littlewood tail function by 

i)f,{x) = AVaR^(7Z(a:)), x < r^, ^'^^(y) = 9p( M^^(y)), V e [m,„r^,]. (25) 
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Remark 3.11. From (O we have ip^^ix) = E[X\X > x], where X - /i. Then ^ 
gives AVaR^(A) = E[X|X > q^{X)], dg^(A)-a.e., which justifies names expected 
shortfall, or Conditional Value at Risk used for AVaR^;. 

Proof. We write q^q^. 

i) The proof is based on the classical property, q{£) ~ /i for ^ uniformly distributed on 
[0, 1]. Then 

CM>^)) = / - dti = / {q{u) - q{\)) du = A(AVaR^(A) - q{\)). 

Jo Jo 

Moreover, the convex function G\{K) := C\i{K) + XK attains its minimum in K\ 

such that Jl{K\) = A. 

When jL{q{X)) = A, q{X) is a minimum of the function G\{K), AAVaR^(A) = 
G\{q{X)), and ^ holds true. 

If 7l(g(A)) > A > J[{q{X)+) then /i has an atom in x := q{X). G\ has a minimum in 
X and G'^ changes sign discontinuously in x. Then we see that G\{(l{X) ~ G\{x) is 
linear in A G (jl{x+) ,'p,{x)) . 

ii) Convex duality for Fenchel transforms yields (l23l l from (l22l l. 

iii) Using ( |22] | we have, for any y > ra^ and A e (0, 1): 

AVaR(A) <y ^3K such that y > ^ilA^ + K 

o3A-<ysuchthatA> ^^^^A> inf ^ 

y — K K<y y — K 

The function iidK<y ^y^^ = infz>o \C^{y — z) is decreasing and left-continuous. 
We conclude that it is the left-continuous inverse function of AVaR^(A) which is /I^^. 

iv) By definition, 7l(x)AVaR^(7Z(a;)) = /^'"^'^^ du = /j^^^-, sn{ds). 

The right-continuous inverse i^J^^iy) of the non decreasing left-continuous function ■0^ 
is defined by tpj^'^iy) = sup{x : ipfj.{x) < y} = sup{x : AVa,Rf_i{jl{x)) < y}. Since, 
77^^ is the left continuous inverse of AVaR^ , the following inequalities hold true for 
y G [mf,,rfj]: %^{y) = sup{a; : -p{x) > JL"^{y)} = sup{a; : x < qiJl"^{y))} = 
qiH^'^iy)). □ 

We now describe the relationship between ji, AVaR^, ijj^ and ji^^ on one hand, 
and w^, solutions of ( [TtI i when h{x) = 'q^{l/x) and the associated Azema-Yor 
martingales M^^' {N) on the other hand. It turns out all these objects are intimately 
linked together in a rather elegant manner. Some of our descriptions below, in partic- 
ular characterisation of AVaR in a), appear to be different from classical forms in the 
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literature. We note that we start with /i and define h but equivalently we could start 
with a non-decresing right-cotninuous h and use h{x) = q^{l/x) to define /i. 
Recall Definitions |2.2||273l and the stopping time Cw{Y) frompage|9l 

Proposition 3.12. Let ^ be a probability measure on R, J \s\fj.(ds) < oo. 

a) U^{x) :— AVaR^(l/x) solves ( 1171 ) with hf^{x) = q^{l/x), x > 1, and h^{x)/x'^ is 
integrable away from zero. In particular is given by ( 1181 ) and U^{x) = U^{x Ab^) 
with bfj = is concave and V^{y) ~ l//i^^(y) is the inverse function of 
U,. 

b) Let Wp_{y) = h^{V^{y)) = q^{jl^'" (y)) be the function associated with fi by ^ or 
equivalently (II lb , for v G {ra^,r^), and extended via 'w^{y) = y for y > r^. Then 
Wfj, is a drawdown function, = and is the right-continuous inverse of the 
barycentre function Furthermore, is the hyperbolic derivative ofV^ as defined 
by Kertz and Rosier y lZ/l/ . 

c) Let N be as in (O with Nq ^ I and Yt = M^''{N). Then Yt > U^{Nt), 
Koo = Yq^ (y) = Qf_i{^/-l^c) '■^ distributed according to ji andY^o = U^{N(^) = 
AVaR^(l/iV^) is distributed according to . Furthermore, the process (Yt) is a 
uniformly integrable martingale which satisfies Wf^-DD constraint and C,^^ ~ inf{i : 
Nt i (0, 5^)} = inf{t : i,^,{Yt) < Yt}. 

The same properties hold true for any max-continuous uniformly integrable martingale 
Y satisfying the W/^rDD constraint up to ( = and Y(^ = w{Yq) a.s. 

Proof We write q = q^, r = r^„h = hf, = = V^{rf,-). 

a) From definition (|20|| we have AVaR,, (A) = ^^q{Xs)As which is exactly the formula 
(fTsT l. Note that in the case 'Jl{r) > we have h{x) — h{b), x > b with b = l/jl{r). 
Ufj, is concave by Proposition l3.8l The rest follows since AVaR^ is the tail quantile of 
n"^, see dlD) . 

b) This follows by part iv) in Proposition l3 . 1 01 and the last statement follows from (fTTT i 
and Theorem 4.3 in 1211 . 

c) We have Yt > U (Nt) from concavity of C/^. The rest follows easily from points a) 
and b) above together with Proposition [3]8] properties ofq, universal law of given 
in point c) of Proposition 1 3 . 3 1 and the definition of /i^^ in i2l\i . □ 

An illustrative example (continued from page \l2\ We come back to the example 
with linear DD-constraint w{y) = jy, < 7 < 1, resulting from function U (x) = 
j^x^~"', X > 1. Using Proposition 13 . 1 21 we have Y^o ^ IJ. and Yoo ^ IJ.^^ which 
we can now easily describe. We have Ji^^iy) = 1/V(y) = ((1 — 7)1/)^^''''"^'' for 
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y > "1^ = AVaRp(l) = f^(l) = T^- consequence, the random variable Y^o is 
distributed according to a Pareto distribution, with shape parameter a = ~ 
and location parameter m = m^. The mean of Yao is am/ [a — 1) = (7(1 — 7))^^- 
Since Y^o = w{Y 00) — 7^00 we see that Y^o is still distributed according to a Pareto 
distribution, with same shape parameter, and location parameter mi ~ mj = T^- 

Naturally, we could also describe /i using g^(A) = /i(l/A) = jz^^^^ which, taking 

1 

inverses, gives 71(2;) = (l^i) ^ ^ as required. 

As a consequence we see that if (Yt) is a max-continuous martingale which satisfies 
a Hnear drawdown constraint Yt > ^Yt until C, = Cw(Y) < 00 a.s. then necessarily 
Y^ = 'yY,^ has a Pareto distribution. 

3.4 The Skorohod embedding problem revisited 

The Skorokhod embedding problem can be phrased as follows: given a probability 
measure /i on M find a stopping time T such that Xt has the law ^, Xt ^ One 
further requires T to be small in some sense, typically saying that T is minimal. We 
refer the reader to Oblqj Il24ll for further details and the history of the problem. 
In 121 Azema and Yor introduced the family of martingales described in Definition ll.il 
and used them to give an elegant solution to the Skorokhod embedding problem for X 
a continuous local martingale (and fi centered). Namely, they proved that 

T^,(X)=inf{i>0:V,.(^t)<^t}, (27) 

where ij)^ in the barycentre function ( fT9b , solves the embedding problem. 

We propose to rediscover their solution in a natural way using our methods, based 
on the observation that the process X satisfies the w^-DD constraint up to T^{X). If 
we show the equaUty = Wf^{XQ) at time C, = T^,{X) , Proposition 13. 121 gives us 
the result. 

Theorem 3.13 (Azema and Yor ||2l). Let {Xt) he a continuous local martingale, Xq = 
0, {X)oQ = 00 a.s. and ji a centered probability measure on R.- J |a;|^(da;) < 00, 
J x^(dx) = 0. Then T.^ < 00 a.s., (Xt^r^) is a uniformly integrable martingale and 
Xt^ ^ H, Xt^ ~ /i^^, where is defined via (I27l l. 
With notation of Proposition \3J2\ define Nt — Afj^'^r^j^j(X). Then 

inf{t >0:Xt< w^(Xt)} ^ inf{t > : iV* < 0} A r''" (iV) (28) 

andXt^T,, =M,^^j,JW). 
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Proof. Let t = r''''(X). {Nt : t < t) is a continuous local martingale with TVq = 1 
since U^{\) — thanks to fi being centred. \fh^<co then < cx) and {Nt : t < t) 
is a local martingale stopped at 'mi{t : Nt — 5^} = t < oo a.s. Suppose 5^ = oo. 
Then Nr- — lim^^^j, ~ oo. This readily implies that {N)t_ = oo a.s. and in 

particular to{N) < r a.s. (cf. Proposition V.1.8 in Revuz and Yor 1271 ). Note that this 
applies both for the case finite and infinite. We conclude that Nt/\ro{N) is as in ( fTSI l 
and furthermore that tq (N) A r^f^ {N) < oo a.s. Theorem now follows from part c) in 
Proposition 13. 121 □ 

Remark 3.14. Note that in general only max-continuity of (Xt) would not be enough. 
More precisely we need to have Xt^ — w^{Xt^ ) a.s. or equivalently that the process 
Nt crosses zero continuously. Also, unlike in Propostion l3.12l we need to assume that 
^ is centred to ensure that TVq = AI^'^ {X) = 1. Finally note that we do not necessarily 
have that ipf,{XT^^ ) = Xt^ . 

4 On optimal properties of AY martingales related to 
HL transform and its inverse 

In this final section we investigate the optimal properties of Azema-Yor processes and 
of the Hardy-Littlewood transform n i^i^^ and its (generalised) inverse operator 
A. We use two orderings of probability measures. We say that /i dominates v in the 
stochastic order (or stochastically) \ffl{y) > v{y), y G K. We say that ji dominates 
V in the increasing convex order if J g(y)fi{dy) > J g{y)h'{dy) for any increasing 
convex function g whenever the expectations are defined. Observe that the latter or- 
der is equivalent to C^{K) > G^{K), K € (cf. Shaked and Shanthikumar ||29l 
Thm. 3.A.1]). 

From ( l23T l we deduce instantly that if /x, p are probability measures on M which admit 
first moments, then 

AVaR^(A) < AVaRp(A), A e (0, 1) ^ C^{K) < Cp{K), K eR. (29) 
Using AVaR^(A) = Tj^hl (A) we then obtain 

li"''iy)<p"''{y), yeR^ V-(A) < gp«.(A), Ae [0,1] ^^^^ 

^ C^iK) < Cp{K), KeR, 

so that p^^ dominates fi^^ stochastically if and only if p dominates p, in the convex 
order. 
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4.1 Optimality of Azema-Yor stopping time and 
Hardy-Littlewood transformation 

The Azema-Yor stopping time has a remarkable property that the distribution of maxi- 
mum of the martingale stopped at this time is known, as a Hardy-Littlewood maximum 
r.v. associated with ^ (cf. Proposition l3.12l ). The importance of this result comes from 
the result of Blackwell and Dubins Q (see also the concise version of Gilat and Melji- 
son ImI) showing that: 

Theorem 4.1 (Blackwell-Dubins(63)). Let (Pt) be a uniformly integrable martingale 
and fi the distribution of Poo- Then, 

P(Poc^>y)<M''''([y,oo)), yeR. (31) 

In other words, any Hardy-Littlewood maximal r.v. associated with Poo dominates 
stochastically Poo. 

In fact /i^^ is sometimes defined as the smallest measure which satisfies ( l3Tl i. One 
then proves the representation (l2Tl i. 

Azema-Yor martingales, stopped appropriately, are examples of martingales which 
achieve equahty in dJTT i. We can reformulate this result in terms of optimality of the 
Azema-Yor stopping time, which has been studied by several authors (HI, lfT4l . Kertz 
and Rosier OH and Hobson ifTTll ). 

Corollary 4.2 (Azema-Yor [l]). In the setup and notation ofTheorem \3.13\ the distri- 
bution of Xt^_ is fi^^. In consequence, Xt^^ dominates stochastically the maximum 
of any other uniformly integrable martingale with terminal distribution fi. 



The result is a corollary of Theorem 14.11 and the fact that the maximum Xt^ is 
a Hardy-Littlewood maximal rv. associated with i^i, which follows from Proposition 
13.121 We present however an independent proof based on arguments in Brown, Hobson 
and Rogers |j6|. 

Proof. Let {Pt ) be a uniformly martingale with terminal distribution fi and chose y G 
(0, r^). Observe that for any K < y the following inequality holds a.s. 

^p^>y- y-K + y - K p-'^y ■ ^ 

If P is max-continuous then the last term on the RHS is simply —M^{P) for F{z) = 
and has zero expectation. In general, we can substitute the last term with a 
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greater term ^-^-^jj^jr^'^T >y which has zero expectation. Hence, taking expecta- 
tions in (l32T l we find 

F(Poo > y) < I {x- K)^iidx). 

y- K Jk 

Taking infimum in K < y and using ( l24b we conclude that P(Poo > y) < V-^^iy)- 
To end the proof it suffices to observe from the definition of that Xx^ = w^{Xt^) 
and hence, with Pt ~ Xtf^r^,, we have a.s. equahty in (|32] i for K — 'w^{y) and in 
consequence P(Xt^ >y)~ JI^^{y). □ 

We identified so far /i^^ as the maximal, relative to stochastic order, possible dis- 
tribution of supremum of a uniformly integrable martingale with a fixed terminal law 
11. We look now at the dual problem: we look for a maximal terminal distribution of 
a uniformly integrable martingale with a fixed law of supremum. We saw in dSOl l that 
stochastic order of HL transforms translates into increasing convex ordering of the un- 
derlying distributions, and we expect the solution to the dual problem to be optimal 
relative to increasing convex order. 

Let us fix a distribution i/ and look at measures p, J \x\p{dx) < oo, such that 
stochastically dominates i^: V{x) < p^^{x), x & R. We note S„ the set of such 
measures. Passing to the inverses, we can express the condition on p ^ Si, in terms of 
tail quantiles: 

peS,^ q,{X) < q„HL (A) = AVaRp(A) = ^ / qp{u)du, A e [0, 1], (33) 

Jo 

and where we used (l20l)-(l2Tli. Note that for existence of p G Si, it is necessary that 

Ag^(A) > which is equivalent to xT'{x) > . (34) 

We have the following theorem which synthesis several results from Kertz and Rosier 
II20I I2TI as well as adds new interpretation of A operator as the inverse of p p^^ 
and gives a construction of va- The proof is greatly simplified using tail quantiles. 

Theorem 4.3. Let v be a probability measure on R. The set S^ is non-empty if and 
only if V satisfies ( |34| l. Under ( |34| l. Si, admits a minimal element relative to the 
increasing convex order, which is characterised by 

\q^HL{\) = I q^,^{u)du is the concave envelope of \qj^{X). 
^ Jo 

Furthermore, ifv = for an integrable probability measure p, then = p- 
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Proof. Assume ( |34] | and let G(A) be the concave envelope (i.e. the smallest concave 
majorant) of \q^{\). If there exists a measure z^a such that G(A) = q^^ {u)du then 
clearly z^a G 5^ by definition in (|33] l. Furthermore, since /^^5p(u)dit is a concave 
function, we have that 

A /-A 

q,Ju)du < / gp(?/)dM, A e [0, 1], V p € 5, . (35) 
Jo 

This in turn, using f2% . is equivalent to i^a being the infimum of p e 5^ relative to 
increasing convex ordering of measures and thus being a solution to our dual problem. 

It remains to argue that i/a exists. Recall that — oo < < < oo are respectively 
the lower and the upper bounds of the support of ly. Let G{x) be the (formal) Fenchel 
transform of \q^,{X): 

G{x) ^ sup {Xq^{X) - Xx) , xe[K,r^]. (36) 

A6(0,l) 

Observe that G{x) > thanks to assumption ( [34] i and by definition G{x) is convex, 
decreasing and G'{x) G [—1,0]. This implies that there exists a probability measure 
Pa such that G{x) = / (y — a;)^i^A(dy) = C^^ (y). In fact we simply have Fa (2^) := 
~G'{x—). Since G was the concave envelope of Ag^(A) we can recover it as the dual 
Fenchel transform of G and, using |22l we have 

G(A)== inf (g{x)+xX)^[ q^Ju)du, Ae[0,l], (37) 

as required. Note that we could also take .t G K above since the infimum is always 
attained for x e [/p,rp]. Finally, if v = /i^^ then Agy(A) is concave and equal to 
So Qfi {u)du and hence z^a = ^ 

We stress that in the proof we obtain in fact a rather explicit representation which 
can be used to construct ua- Namely we have T^Aix) = —G'{x) with G defined in 

We find it is useful to rephrase conclusions of Theorem l4.3l in martingale terms. Fur- 
thermore, we also show that any max-continuous martingale (Pt), Poo ^ which 
achieves the upper bound on the law of supremum. Poo ~ p^^, is of the form 
Pt = XtAT^ = A/f " (N) for some N as in (O. 

Theorem 4.4. Let v be a distribution satisfying ( I34I ). For any uniformly integrable 
martingale (Pt) such that Poo dominates v for the stochastic order. Poo dominates 
Yoo ^ VA for the increasing convex order, where Yt = M^"^ {N)t is the Azema—Yor 
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martingale associated with by Proposition 13. 721 

Furthermore, if u ~ /i^^ and [Pt) as above is max— continuous with Poc ~ A* P 
is the Azema-Yor martingale M^>^ {N)for some (Nt) as in (|16l l. 

Proof. Let ^ ^ Poc- By Corollary 14.21 the distribution of Poo is dominated stochas- 
tically by /i^^. Hence /i^^ dominates stochastically and ii ^ S^. The first part of 
Theorem is then a corollary of Theorem l4.3l 

It remains to argue the last statement of the Theorem. Since Poo ~ n and the distri- 
bution of Poo dominates stochastically ji^^ it follows from Theorem 14. 11 that Poo ~ 
y^HL ^ We deduce from the proof of Corollary 14. 2! that we haye an a.s. equality in (|32| | 
for any y > Q and K = w^{y) and hence 

{Poo > w^{y)} D {Poo >y}^ {Poo > w^iy)}. 

It follows that Poo = Wf_,{P oo)- Further, from uniform integrability of (Pt), 

EPoo = 1EP4V,^(P) < E«;^(P^^,^(p)) < Eu;^(Poo). 

In consequence Pt ~ PtACu,^ (f ) '^he statement follows with Nt = mJ^^^^, ^p-j (P), 
see Theorem l3 .13! and Remark l3.14l □ 

4.2 Floor Constraint and concave order 

In this final section we study how Theorem 14.4! can be used to solye different opti- 
mization problems motiyated by portfolio insurance. Our insight comes in particular 
from constrained portfolio optimization problems discussed by El Karoui and Meziou 
||9l . In such problems it is more natural to consider conditions of pathwise domination. 
We note that it is quite remarkable that these turn out to be equiyalent to, potentially 
weaker, conditions of ordering of distributions. Finally we remark that in financial 
context we often use the increasing concaye order between two yariables (rather then 
conyex). This is simply a consequence of the fact that utility functions are typically 
concaye. 

Consider g an increasing function on ]R-|_ whose increasing concaye enyelope U 
is finite and such that lima^^oo U{x)/x ~ 0. Let Nt be as in ( fT6] ) with A^o = 1- 
In the financial context, the floor underlying is modelled by Ft = g{Nt). Financial 
positions can be modelled with uniformly integrable martingales and we are interested 
in choosing the optimal one, among all which dominate Ft for all i > 0. 
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Proposition 4.5. Let Ft = g{Nt) be the floor process and M.^ denote the set of 
uniformly integrable martingales (Pt), with Pq = U{No) and Pt > Ft, t > 0. Then 
the Azema-Yor martingale (N) belongs to A4p and is optimal for the concave 
order of the terminal values, i.e. for any increasing concave function G and P Cz A4p, 
EGiMgiN))>EG{Poo). 

In fact the same result holds in the larger set A4^ of uniformly integrable martingales 
{Pt) with Pa = U{Na) and¥(Poo > x) > P(Foo > x), for all x e M. 

Remark 4.6. The process {U{Nt)) is the Snell envelop of {g{Nt)), that is the smallest 
supermartingale dominating g{N), as shown in Galtchouk and Mirochnitchenko |fT3l 
using that U is an affine function on{x : U (x) > g{x)}. 

Proof. From concavity of U we have [N] > U{Nt) > Ft which shows that 
My [N) belongs to A^|n. Naturally, it suffices to prove the statement for the larger 
set M.^. Observe that XU{-j) is the concave envelope of on A e (0, 1). If we 

define a probability measure z^by ~ g{N oo) then77(x) = g-i{x) ' ^ ^ [5(1)7 ^(oo))- 
In consequence A[/(i)is the concave envelope of Xq^, (A) . Theorem l4.3l and properties 
of AVaR in (EOli-dZB imply that 

Using Proposition l3.12l we have U = U^^ and h defined via ( [TT] ) is given by h{x) — 
q,^^{l/x). Finally note that, since KP^o ~ Fq ^ K M!^{N), increasing convex or- 
der, increasing concave order and convex order on Poo and M^^ (N) are all equivalent 
(cf. Shaked and Shanthikumar ||29l Thms 3. A. 15 and 3. A. 16]). The rest now follows 
from Theorem|4.4| □ 



If we want show the above statement only for the smaller set A4p then we can give 
a direct proof as in [ lOj. Any martingale X which dominates Ft dominates also the 
smallest supermartingale Zt which dominates Ft and it is easy to see that Zt ~ U{Nt). 
From Propositon 13.61 we know that Mt = M[h{Noc)\^t] is a uniformly integrable 
martingale and we also have Mt ~ U{Nt) = Zt (cf. Proposition II. 21 ). We assume G 
is twice continuously differentiable, the general case following via a limiting argument. 
Since h is concave, G{y) — G{x) < G'{x){y — x) for all x,y > 0. In consequence 
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G(Poo) - G(A/oo)] < E [G'(A/o,)(Poo - A/oc)] = E [G'(/l(iVoo))(Foc - Moo) 

/•oo nOG 

< E / G\h(Nt))d{Pt - Mt) +E {Pt- Mt)G"{h{Nt))d{h{Nt)) 
Jo Jo 
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The first integral is a difference of two uniformly integrable martingales (note that 
Nq > 0) and its expectation is zero. For the second integral, recall that h is increasing 
and the support of d{h{Nt)) is contained in the support of dNt on which Mt = Mt = 
Zt = Zt < Pt- As G is concave we see that the integral is a.s. negative which yields 
the desired inequality. 
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